Perturbation theory on the basis of the Kohn-Sham Hamiltonian leads to an implicit density functional for the correlation energy E c . In this contribution we investigate the corresponding correlation potential y c . It is shown that for finite systems the y c obtained by direct application of the optimized potential method diverges in the asymptotic region. The presence of unoccupied states, inherent in any perturbative form of E c , is identified as the origin of this unphysical behavior. An approximate variational procedure is developed in order to avoid this difficulty. The potential resulting from this method qualitatively reproduces the shell structure of the exact atomic y c .
Investigation of the Correlation Potential from Kohn-Sham Perturbation Theory
Perturbation theory on the basis of the Kohn-Sham Hamiltonian leads to an implicit density functional for the correlation energy E c . In this contribution we investigate the corresponding correlation potential y c . It is shown that for finite systems the y c obtained by direct application of the optimized potential method diverges in the asymptotic region. The presence of unoccupied states, inherent in any perturbative form of E c , is identified as the origin of this unphysical behavior. An approximate variational procedure is developed in order to avoid this difficulty. The potential resulting from this method qualitatively reproduces the shell structure of the exact atomic y c . DOI In recent years a new class of implicit density functionals for the exchange-correlation (xc) energy E xc , the central quantity of density functional theory (DFT) [1] , has attracted considerable interest [2, 3] -for an overview, see [4] . Unlike conventional density functionals such as generalized gradient approximations (GGAs) [5] , implicit forms do not directly depend on the density n of the system, but rather on the Kohn-Sham (KS) orbitals f k (which are themselves functionals of n). This concept immediately provides an exact representation for the exchange energy E x . The most obvious advantage resulting from use of the exact E x is the possibility to describe negative ions [6] : This is due to the asymptotic 2e 2 ͞r dependence of the exact exchange potential of finite systems, reflecting the complete cancellation of the self-interaction inherent in the Hartree potential. The failure of GGAs for negative ions, on the other hand, directly originates from their inability to reproduce the 2e 2 ͞r behavior [7] , a fact which emphasizes the importance of the xc potential y xc dE xc ͞dn.
It is not yet clear which approximation for the correlation component E c of E xc should be used with the exact E x . Initially the semiempirical functional of Colle and Salvetti (CS) [8] was put forward as a possible candidate [9] . In the meantime KS perturbation theory (KSPT) [10, 11] appears to be the most promising method for the derivation of a first-principle approximation of E c . In particular, it has been shown that the lowest order correlation contribution E ͑2͒ c obtained by KSPT allows a semiquantitative description of van der Waals forces [11, 12] (in contrast to GGAs [13] ). In this contribution we examine the corresponding potential y ͑2͒ c of atoms, for which exact reference results are available [14] .
In KSPT an expansion of E xc in powers of the interaction strength e 2 , E xc ͓n͔ e 2 E x ͓n͔ 1 Pì 2 e 2i E ͑i͒ c ͓n͔, is generated by using the KS auxiliary Hamiltonian as a starting point [4] . The lowest order term, i.e., the Fock expression, represents the exact E x of DFT,
where e F is the Fermi energy and the Slater integral
is evaluated with KS orbitals. The lowest order correlation contribution E which, in the case of implicit functionals, is obtained via the optimized potential method (OPM) [16] . For spherical systems, to which we restrict the discussion, the KS orbitals can be separated as f k ͑r͒ w nl ͑r͒Y lm ͑V͒͞r and the OPM integral equation for y xc reduces to
Here K d͑4pr 2 n͒͞dy KS is the static, radial KS response function and
(for details, see Appendix A of Ref. [11] ). Equations (2), (3), and (5) Thus, as long as the numerator of the right-hand side of (7) is finite, C must also be a finite number (as the denominator is known to be nonzero [17] ). The left-hand side of (7) can be evaluated numerically. In Fig. 1 we compare Q x and Q
MP2 c
for the He-atom ( Fig. 1 has been generated with the exact x-only orbitals). While the exponential decay of Q x is evident for r $ 2 bohr, Q MP2 c does not approach zero in the physically relevant part of the asymptotic regime. As a consequence, Q MP2 c ͞Q x diverges exponentially. We emphasize that numerical convergence for Q MP2 c has been achieved: Using a finite differences code, discrete excited states were explicitly summed up to n 10 and l 6, while for the integration over the continuous spectrum with l # 6 a logarithmic energy mesh with 100 points was used, ranging from 1 mhartree to 50 hartree. This representation of the excited states gives 99% of the exact E . This can be directly illustrated by consideration of the Krieger-Li-Iafrate (KLI) approximation [11, 17] 
For y x the KLI approximation is known to accurately reproduce the full OPM potential [4] and to be exact in the limit r !` [17] , so that one expects that at least the qualitative features of y is plotted for the He-isoelectronic series. All potentials displayed show a clear asymptotic divergence, whose onset shifts to smaller r values with increasing Z, i.e., with increasing localization of the density in the denominator of Eq. (8): By contrast, the r dependence of the numerator is dominated by the more delocalized unoccupied states. A closer analysis of Eq. (8) .
by a closure approximation (CA) and represents the most simple strict bound to E MP2 c , jE
only depends on the occupied states plus the eigenvalues of the highest occupied (F) and the lowest unoccupied state (F 1 1) . For a spherical system with a discrete spectrum, Eq. (9) leads to an inhomogeneity, which falls off asymptotically as
This behavior clearly does not agree with the jw F j 2 decay of the left-hand side of the OPM equation, Eq. (6). Consequently, y ͑CA͒ c must diverge. This model functional thus demonstrates explicitly that for functionals which depend on excited states the OPM does not necessarily lead to a physically meaningful potential.
The problematic character of y MP2 c is underscored by an analytical result for He-like systems, which has been obtained by Levy et al. [18] ,
Here F 0 represents the ground state of the auxiliary noninteracting KS system and
is the first order correction to F 0 with respect to the HamiltonianĤ 1 e 2 ͞jr 1 2 r 2 j 2 P 2 i1 ͓y KS ͑r i ͒ 2 y ext ͑r i ͔͒, which connects the KS system to the full interacting many-body problem. F kl denotes the two-particle basis states built from the KS orbitals and E 1 ͗F 0 jĤ 1 jF 0 ͘. C 1 is obtained from Eq. (12) after replacement ofĤ 1 by e 2 ͞jr 1 2 r 2 j only. As occupied states are more localized than excited levels, the density in the denominator of (11) Note that the arbitrary constant De drops out, so that no approximation is made for the energy. For the calculation of an approximate y c , however, the weights w ij may be understood as numbers, rather than as functionals of the f k and e k . The potential y ͑CA͒ c resulting from solution of (3) with fixed w ij for the He and Ne atoms is displayed in Figs. 3 and 4 . Also shown are the exact y c [14] , the
